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Abstract
In this article, using a known method [1], a computation is performed of the derivatives of the
microcanonical entropy, with respect to the energy up to the 4-th order, using a Laplace transform
technique, and adapted it to the case where the total momentum is conserved. The outcome of
this computation answers a theoretical question concerning the description of thermodynamics
associated with a Hamiltonian flow in presence of an additional conserved quantity besides energy.
This is also of practical interest in numerical simulations of the microcanonical thermodynamics
associated to classical Hamiltonian flows.
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I. INTRODUCTION
After the Poincar-Fermi theorem [2–4], a generic property of non linear Hamiltonian
systems is that the only non trivial conserved quantity is the total energy of the system,
this is true for Hamiltonians which do not explicitly depend on time. However, invariance
under spatial translations and rotations add conserved total momentum and angular mo-
mentum, respectively. Since the invariant measure in phase space for a Hamiltonian flow is
the microcanonical measure, Hamiltonian dynamics can be used to compute thermodynamic
quantities [1, 5–7]. Therefore, we can wonder how can we describe the thermodynamics of
systems with the above mentionned additional conserved quantities, because these constrain
the Hamiltonian flow on hypersurfaces of phase space of co-dimension larger then one.
Moreover, through Hamiltonian flows, one can study phase transitions in the microcanon-
ical ensemble [6], and, in this framework, Bachmann proposed [8] a definition for a k-th
order phase transitions in the microcanonical ensemble through the analysis of the inflection
points of the entropy and its derivatives. This is what particularly motivates the present
investigation of how and to what extent the already known [1] analytic expressions of ther-
modynamic observables have to be corrected when an additional global invariant is taken
into account, and a numerical study of phase transitions through the associatied Hamiltonian
flow is undertaken.
II. COMPUTING THE DERIVATIVES OF THE ENTROPY
The outcomes of the computations reported throughout this work apply to systems de-
scribed by standard Hamiltonian functions, that is
H(p1, ..pN , q1, ..., qN) =
N∑
i=1
(pi)2
2
+ V (q1, ..., qN) , (1)
where N is the number of degrees of freedom, p is the momentum and V is the potential
energy, invariant for the global translation V (q1 + a, ..., qN + a) = V (q1, ..., qN).
According to Noether’s theorem, such system has two first integrals of motion: the total
energy H = E and the total momentum P =
∑N
i=1 p
i.
As a consequence, the Hamiltonian flow is constrained on co-dimension-two subspaces of the
2
phase space Λ, that is
ΣE,p = {x = (p1, ..pN , q1, ..., qN) ∈ Λ | P (x) = p andH(x) = E} . (2)
It follows that the microcanonical partition function according to the Boltzmann prescription
reads
Ω(E, p) =
∫
Λ
δ (H(p, q)− E) δ (P − p)
N∏
i=1
dpi ∧ dqi (3)
so the specific entropy is
S(ε, p) =
1
N
ln
(
Ω(Nε, p)
Ω0
)
, (4)
where Ω0 is an arbitrary constant, and ε = E/N is the specific energy.
In what follows we choose to fix Ω0 = 1 and set for simplicity, but without loss of generality,
the total momentum P equal to zero, that is p = 0. To simplify the notation, we omit the to-
tal momentum fixed to zero in both the argument of microcanonical entropy S(ε, 0)→ S(ε)
and of the microcanonical partition function Ω(E, 0) → Ω(E). All the relevant thermody-
namic observables, such as temperature or specific heat, can be expressed as a function of
the derivatives of the specific entropy S with respect to specific energy[9] ε. The derivatives
of the specific entropy with respect to the specific energy up to the fourth order read
∂S
∂ε
=
Ω
′
Ω
∂2S
∂ε2
= N
[
Ω
′′
Ω
−
(
Ω
′
Ω
)2]
∂3S
∂ε3
= N2
[
Ω
′′′
Ω
− 3Ω
′′
Ω
Ω
′
Ω
+ 2
(
Ω
′
Ω
)3]
∂4S
∂ε4
= N3
[
Ω
′′′′
Ω
− 4Ω
′′′
Ω
Ω
′
Ω
− 3
(
Ω
′′
Ω
)2
+ 12
Ω
′′
Ω
(
Ω
′
N
Ω
)2
− 6
(
Ω
′
Ω
)4]
,
(5)
where the prime corresponds to the derivative with respect to the total energy E. In order
to characterize the microcanonical thermodynamics of a given system, a method is needed
allowing to calculate the higher order derivatives of microcanonical entropy (5).
In Ref.[1] a method is presented that allows to derive the expressions of thermodynamic
observables in terms of the average of (specific) kinetic energy and its powers on the ΣE
when the only constraint is the fixed total energy of the system H = E and for systems
whose Hamiltonian is of the form
H(p1, ..pN , q1, ..., qN) = K(p1, ..pN) + V (q1, ..., qN) , (6)
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where K is the total kinetic energy. Such a method is based on a Laplace transform technique
applied to the microcanonical partition function Ω and it allows performing integration on
the pi variables.
In this letter, we show how to further develop and apply this technique to the case where
the total momentum of the system P is conserved and set equal to zero. Let us consider the
Laplace transform of the microcanonical partition function Ω
L[Ω(t)] =
∫ +∞
0
e−tE Ω(E) dE
=
∫ N∏
i=1
dpi δ(P )
∫ N∏
i=1
dqi e
−tH({p1,...,pN ,q1,...,qN})
=
∫ N∏
i=1
dpi e
−t∑Ni=1 (pi)22 δ(P )
∫ N∏
i=1
dqie
−tV (q1,...,qN ) .
(7)
In Ref.[1] the integration over the N momenta pi is easily performed, as it is a Gaussian in-
tegral. In the case here considered, however, we have to take into account also the constraint
on P . In order to do this, we consider the following identity for the Dirac delta function
δ(P ) =
1
2pi
∫ +∞
−∞
ds eisP , (8)
so that
L[Ω](t) = 1
2pi
∫ N∏
i=1
dpi e
−t∑Ni=1 (pi)22 ∫ +∞
−∞
ds eisP
∫ N∏
i=1
dqie
−tV (q1,...,qN )
=
1
2pi
∫ N∏
i=1
dpi
∫ +∞
−∞
ds e−
t
2
∑
k(p
k)2 eis
∑
k pk
∫ N∏
i=1
dsqie
−tV (q1,...,qN )
=
1
2pi
∫ N∏
i=1
dpi
∫ +∞
−∞
ds e−
t
2
∑
k(pk−is/t)2 e−
Ns2
2t
∫ N∏
i=1
dqie
−tV (q1,...,qN )
=
1
(2pi)(1−
N
2 )
∫ +∞
−∞
ds e−
Ns2
2t t−N/2
∫ N∏
i=1
dqie
−tV (q1,...,qN )
=
1√
N
1
(2pi)
1
2
(1−N)︸ ︷︷ ︸
1/C
∫ N∏
i=1
dqi t
−(N−1)/2 e−tV (q
1,...,qN ) .
(9)
We now use the Bromwich integral to inverse the Laplace transform
Ω(E) =
1
2piiC
∫ γ+i∞
γ−i∞
∫ N∏
i=1
dqi t
−(N−1)/2 et[E−V (q
1...qN)] dt ,
4
where γ is a vertical contour in the complex plane chosen so that all the singularities of
t−(N−1)/2 are on the left of the vertical part of the integration contour. After using the
residues theorem, one obtains the final expression for Ω in the form of an integral over the
manifold ME =
{
(q1, ..., qN) ∈ Λq |V (q1, . . . , qN) ≤ E
}
is
Ω(E) =
1
C Γ
(
N
2
− 1
2
)
︸ ︷︷ ︸
1
A
∫ N∏
i=1
dqi
[
E − V (q1 . . . qN)]N2 − 32 Θ [E − V (q1, . . . , qN)] , (10)
where Γ is the Euler Gamma function and Θ is the Heaviside function.
The first four derivatives of Ω with respect to the total energy, are then
Ω′(E) =
(
N
2
− 3
2
)
1
A
∫ N∏
i=1
dqi (E − V )
N
2
− 5
2 Θ (E − V )
Ω′′(E) =
(
N
2
− 3
2
)(
N
2
− 5
2
)
1
A
∫ N∏
i=1
dqi (E − V )
N
2
− 7
2 Θ (E − V )
Ω
′′′
(E) =
(
N
2
− 3
2
)(
N
2
− 5
2
)(
N
2
− 7
2
)
1
A
∫ N∏
i=1
dqi
(
E − V )N2 − 92 Θ (E − V )
Ω
′′′′
(E) =
(
N
2
− 3
2
)(
N
2
− 5
2
)(
N
2
− 7
2
)(
N
2
− 9
2
)
1
A
∫ N∏
i=1
dqi (E − VN)
N
2
− 11
2 Θ (E − V ) ,
(11)
where the dependence of the potential on the generalized coordinates qi has been omitted
to simplify the notation. We notice that each derivative of the microcanonical partition
function appears divided by Ω. Remembering that the microcanonical average A(q1 . . . qN)
of any function of the generalized coordinates has the form
〈A〉µc =
1
ΩA
∫ N∏
i=1
dqiA(q1 . . . qN)
(
E − V (q1 . . . qN))N2 − 32 Θ (E − V (q1 . . . qN)) , (12)
and that
〈(
E − V (q1 . . . qN)〉
µc
= 〈K〉µc = N 〈κ〉µc, where κ is the specific kinetic energy,
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we obtain for the first four derivatives of the microcanonical partition function
Ω′
Ω
=
(
N
2
− 3
2
)〈
K−1
〉
µc
=
(
1
2
− 3
2N
)〈
κ−1
〉
µc
Ω′′
Ω
=
(
N
2
− 3
2
)(
N
2
− 5
2
)〈
K−2
〉
µc
=
(
1
2
− 3
2N
)(
1
2
− 5
2N
)〈
κ−2
〉
µc
Ω
′′′
Ω
=
(
N
2
− 3
2
)(
N
2
− 5
2
)(
N
2
− 7
2
)〈
K−3
〉
µc
=
(
1
2
− 3
2N
)(
1
2
− 5
2N
)(
1
2
− 7
2N
)〈
κ−3
〉
µc
Ω
′′′′
Ω
=
(N
2
− 3
2
)(N
2
− 5
2
)(N
2
− 7
2
)(N
2
− 9
2
)〈
K−4
〉
µc
=
(1
2
− 3
2N
)(1
2
− 5
2N
)(1
2
− 7
2N
)(1
2
− 9
2N
)〈
κ−4
〉
µc
.
(13)
In general, it can be verified that the following expression holds in the case where both the
total energy and the total momentum are conserved
Ω(l)
Ω
=
l∏
m=1
(
1
2
− 2m+ 1
2N
)
〈κ−l〉µc , (14)
where (l) denotes the l-th order derivate with respect to E, whereas in Ref.[1], where only
the constraint on the total energy is considered, the previous expression reads
Ω(l)
Ω
=
l∏
m=1
(
1
2
− (2m− 1)
N
)
〈κ−l〉µc . (15)
Substituting (14) in (5), we obtain the derivatives of the microcanonical specific entropy as
6
functions of the microcanonical averages of the inverse of the specific kinetic energy κ,
∂S
∂ε
=
(
1
2
− 3
2N
)〈
κ−1
〉
µc
∂2S
∂ε2
=N
[(
1
2
− 3
2N
)(
1
2
− 5
2N
)〈
κ−2
〉
µc
−
(
1
2
− 3
2N
)2 〈
κ−1
〉2
µc
]
∂3S
∂ε3
=N2
[(
1
2
− 3
2N
)(
1
2
− 5
2N
)(
1
2
− 7
2N
)〈
κ−3
〉
µc
+
− 3
(
1
2
− 3
2N
)2(
1
2
− 5
2N
)〈
κ−1
〉
µc
〈
κ−2
〉
µc
+ 2
(
1
2
− 3
2N
)3 〈
κ−1
〉3
µc
]
∂4S
∂ε4
=N3
[(
1
2
− 3
2N
)(
1
2
− 5
2N
)(
1
2
− 7
2N
)(
1
2
− 9
2N
)〈
κ−4
〉
µc
+
− 4
(
1
2
− 3
2N
)2(
1
2
− 5
2N
)(
1
2
− 7
2N
)〈
κ−1
〉
µc
〈
κ−3
〉
µc
+
− 3
(
1
2
− 3
2N
)2(
1
2
− 5
2N
)2 〈
κ−2
〉2
µc
+ 12
(
1
2
− 3
2N
)3(
1
2
− 5
2N
)〈
κ−2
〉
µc
〈
κ−1
〉2
µc
+
− 6
(
1
2
− 3
2N
)4 〈
κ−1
〉4
µc
]
.
(16)
These derivatives can be used to detect and classify phase transitions tackled in the mi-
crocanonical ensemble, as annouced in the Introduction. Moreover, among several other
thermodynamic observables we can work out the explicit expressions of two basic observ-
ables: the microcanonical temperature
T =
(
∂S
∂ε
)−1
=
[(1
2
− 3
2N
) 〈
κ−1
〉
µc
]−1
, (17)
which is used to obtained the caloric curve, and the specific heat
cv = N
(
∂T (ε)
∂ε
)−1
= − (∂S/∂ε)
2
v
(∂2S/∂ε2)v
=
1
N
1−
(
1− 5
N
)
〈κ−2〉µc(
1− 3
N
)
〈κ−1〉2µc

−1
. (18)
In numerical simulations, the microcanonical averages 〈·〉µc are replaced by time averages of
the same quantities.
III. CONCLUDING REMARKS
In presence of conserved quantities besides the total energy, like total momentum related
with invariance under spatial translation (as studied above) or angular momentum related
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with rotational invariance, one can wonder if the standard microcanonical observables given
by the equations reported in Ref.[1] (where only the total energy was taken fixed) can be
safely adopded in numerical simulations. As we can see by comparing equations (17) and
(18) with the corresponding expressions in Ref.[1], the corrections asymptotically vanish.
Therefore, the computations reported above ensure that for large systems the formulas in
Ref.[1] can be safely adopted also in presence of an additional conserved quantity besides
the energy. However, for small N systems, the corrections worked out in the present letter
could be of some quantitative relevance.
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